The l-D reflection of an arbitrary incident acoustic wave at an impedance wall is studied, resulting in the formulation of necessary conditions for physically possible impedance models. These results are applied to the problem of an impedance of Helmholtz resonator type, in which case the reflection of an incident pulse is obtained in explicit form, expressed in generalized Laguerre polynomials.
INTRODUCTION
For theoretical investigations of a harmonic (i.e., of a single frequency) sound wave reflecting at an impedance wall, the only information about the impedance which is required is its complex value Z [l] . However, for a general incident wave, with an extended frequency spectrum, one needs to know Z = Z(w) as a function of frequency w. Also in the context of a mean flow with inherent instabilities of the vortex sheet along the impedance wall, knowledge of the behaviour of Z(w) in the (complex) frequency domain is essential [2].
Not any model Z(w) is physically possible, however. It may also occur that the same model allows several interpretations (in the sense that it is obtained via several limits) of which only one is physical.
In the present paper the general solution of an arbitrary one-dimensional sound wave reflecting at an impedance wall is discussed. Specifically, the conditions on Z(w) necessary to obtain a real and causal sound field are considered. The results are applied to the problem of a pulse reflecting at an impedance wall of Helmholtz resonator type. An explicit solution is obtained, and numerically evaluated examples of it are presented.
GENERAL PROBLEM
Consider the one-dimensional acoustic wave equations (made dimensionless on mean sound speed, mean density and some length) for potential 4, pressure p, and velocity v, on -a < X S 0, -a < t < m, with the impedance boundary condition at X = 0 where "^" denotes a Fourier transform on time, $(X, w) = p(x, t) e-l"' d t. The complex impedance Z represents the reflection properties of the wall at X = 0. If the wall is passive, it has Re Z 3 0, while it absorbs acoustic energy if Re Z > 0 [l] . A hard wall corresponds to IZI =a. Except for the case of Z a real constant, Z must vary (in some way) with w.
This will be further discussed in the next section. (3), and then solving equation (2), yielding
This is rather formal, however. It will be seen in the next section that sometimes equation (6) is ideally suited to obtain, more directly, explicit results. Apart from equation ( 6 ) there is another important result drawn from equation (5): not any Z is physically possible, and one can deduce necessary conditions for Z(w): since p and v are real, so must be z, and therefore Z has to satisfy the reality condition where Z* denotes Z's complex conjugate; since p(0, t) can only depend on values of v(0, t) of the past, z has to satisfy the causality condition z(t) =O for t CO.
These conditions may, for example, be used to choose consistent parametrizations of measured impedances. These conditions will be applied here to select a correct interpretation of a non-uniform limit.
IMPEDANCE OF HELMHOLTZ RESONATOR TYPE
An impedance wall of Helmholtz resonator type with a thin facing sheet appears to be well described by for positive parameters R, m and L [3]. R +iwm is the impedance change across the porous facing sheet (in practice, determined experimentally), and L is the depth of the resonator cell. It is easily verified that Z satisfies the reality condition (8). It is, however, not so trivial whether or how it satisfies the causality condition (9), since the integral for z is divergent. The integral does have a meaning, however, if one considers z as a generalized function [4] . Then a causal z is obtained if one interprets If m = 0 one has the expression consisting of a row of &pulses. This can be derived directly from equation (14b), or (for example as a check) from equation (15) in the limit m + 0, by using the relation
if n a 1 where A > 0. The addition of more and more pulses in the region X < 0, which is due to the multiple reflections inside the resonator cell, suggests an infinitely long echo of a single pulse (see equations (15), (19)). But of course, the energy content decreases, and physically there will be no detectable signal left for t + m.
Although there is, for any 0 < R <W, acoustic energy dissipated by the impedance wall
[l], it is interesting to note that for the present impedance there is some conservation 
Of course, one might also say that the wall is hard (121 =m) if o = 0, and therefore reflects the zero-frequency component completely.
EXAMPLES
Some numerically evaluated examples of equation (15) are given in Figures 1-8 and of equation (19) (the amplitudes) in Figures 9-11 . In all cases the time scale is t/2L, and the parameters varied are R and m/2L. (This is possible because there is in the problem no length scale other than L.) One sees that R and m / 2 L are in some sense counter-effective: an increasing R as well as a decreasing m / 2 L enhance the character of a train of isolated pulses ( Figures  1, 2, 5 and 7) , while a decreasing R or increasing m / 2 L smooths the reflected signal ( Figure 6 ). When R and m / 2 L are small enough, the response takes the form of a train of a finite number of damped oscillations (Figures 1, 2, 3, 4 and 8) .
For m = 0 (equation (19)) it is not difficult to prove that always the first two pulses are higher in amplitude than the others, but which of the two is highest depends on R. If R > 6 -1 = 1.236 (Figure 9 ) the first pulse is the highest; if R =&-1 (Figure 10 ) the first and second are equal, and if 0 < R <&-1 the second pulse is the highest. If R +cm, 
